
The Effective Diff usivity of Fibrous Media 

A procedure based on averaging the conservation equations in a 
homogeneous, disordered fibrous medium is used to demonstrate that 
in the limit of long times, macroscopic versions of Fick’s and Fourier’s 
laws may be used to relate the average flux to the average gradient in 
driving force. The asymptotic behavior in the limit of low volume fraction 
of the effective diffusivity (or conductivity) in such a medium is deter- 
mined for all values of the Peclet number, P = Ua/D,, where U is the 
average velocity through the bed, a is the fiber radius, and 0, is the 
molecular diffusivity of the solute in the fluid. The convective distur- 
bance caused by the fibers is found to have a large influence on the rate 
of mass transfer even at moderate Peclet numbers and low volume frac- 
tion. 
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SCOPE 

Considerable attention has been devoted to the 
problem of determining the effective diffusivity (or con- 
ductivity) of two-phase materials in the absence of con- 
vection (Maxwell, 1873; Jeffrey, 1973; Batchelor and 
O’Brien, 1977; Sangani and Acrivos, 1983; to mention 
only a few). The theoretical understanding of diffusion 
in composite materials in the presence of convection is 
more limited, however. Leal (1973) and Nir and Acrivos 
(1976) studied the effect of convection on the disper- 
sive transport of heat through a suspension of neutrally 
buoyant spheres in simple shear flow for temperature 
gradients parallel to the average velocity gradient. 
Although Nir and Acrivos considered the case of high 
Peclet number, they did not consider particle interac- 
tions and so their results are not applicable for very 
high Peclet numbers where the particles have a large 
effect on the rate of heat transfer. 

Brenner (1  980) developed a general theory for deter- 
mining the transport properties in spatially periodic 
porous media, and showed that in the limit of long times 
the dispersion is diffusive, i.e., the mean square dis- 
placement grows linearly with time. Carbonell and Whit- 
aker (1983) presented a volume-averaged approach 
for calculating the effective diffusivity and carried out 
specific calculations for a two-dimensional spatially 
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periodic porous medium (Eidsath et al., 1983). While 
the approach of Eidsath et al. gives reasonable order- 
of-magnitude agreement with experiment, the pre- 
dicted dependence of the effective diffusivity on Peclet 
number at high Peclet number is too strong. Their 
numerical calculations grow as P’.’, while the experi- 
mental values grow only roughly as P. (Theoretical con- 
siderations of the relationship between Taylor disper- 
sion theory and dispersion in spatially periodic porous 
media [Brenner, 19801 would suggest a P2 dependence 
rather than the numerically reported 1.7 power.) Eid- 
sath et al. point out that this strong Peclet number 
dependence is due to the ordered nature of the peri- 
odic porous medium; a random medium giving the 
weaker, roughly P. dependence. The experiments of 
Gunn and Pryce (1969) on random and periodic packed 
beds of spheres support these two different dispersion 
dependencies. 

We have recently developed a theory (Koch and Bra- 
dy, 1985) based on ensemble averages for determining 
the dispersion in packed beds and porous media. We 
applied that theory to a disordered or random medium 
and derived the asymptotic behavior in several limiting 
cases of the full effective diffusivity tensor, relating the 
average mass flux to the average concentration gra- 
dient in a fixed bed of spheres. Our predicted effective 
diffusivities agree remarkably well with experiment. In 
this paper the effective diffusivity of a fibrous bed is 
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determined in a similar manner. This is a natural exten- 
sion of our interest in dispersion in porous media and is 
motivated by three specific considerations: 

and dispersion in such materials could affect their effi- 
ciency. 

2. The solids volume fraction 4 in fibrous materials 
is typically low and may be varied, facilitating a direct 
comparison of the low 6 asymptotic results with experi- 

3. A study of fibrous beds allows an examination of 
1. Fibrous materials are often used as filter media ment. 

the influence of bed anisotropy. 

CONCLUSIONS AND SIGNIFICANCE 

In this paper we extend the analysis of Koch and 
Brady (1985) to calculate the asymptotic behavior of 
the effective diffusivity in a fibrous material at low fiber 
volume fraction cp.  The theoretical development re- 
quired to calculate the effective diffusivity in any, dilute, 
homogeneous, fibrous bed is presented. Specific re- 
sults are obtained for an isotropic bed and a bed of 
fibers whose axes are aligned. In the absence of flow 
the fibers make and O(dD,) contribution to the effective 
diffusivity due to the difference in the molecular diffu- 
sivities of the fibers and the fluid. In the presence of 
flow a hydrodynamic dispersion arises owing to corre- 
lations between the velocity and concentration fluctua- 
tions induced by the fibers. The length over which vel- 
ocity fluctuations become uncorrelated is the Brinkman 
screening length k"', which is large in a bed of high 
permeability k (low 4). Thus, in a dilute, highly perme- 
able bed the hydrodynamic dispersion contributions 
are large and actually grow with decreasing fiber vol- 

ume fraction. At high Peclet numbers hydrodynamic 
dispersion becomes purely mechanical in the bulk of 
the fluid, i.e., this dispersion is independent of molecu- 
lar diffusion and grows like D,P. A nonmechanical 
mechanism for dispersion at high Peclet numbers in- 
volves the retention of solute in permeable fibers from 
which it can only escape by molecular diffusion, leading 
to an O(@D,P2) contribution to the longitudinal diffusivi- 
ty. Even if  the fibers are impermeable, nonmechanical 
boundary-layer dispersion arising from the zero veloc- 
ity at the fiber surfaces makes contributions to the 
longitudinal diffusivity which grows as O[(Q,/  
In $-')D,P In PI or O{[(4/ln $-')D,P](ln P)'].  The results 
for the effective diffusivity are summarized in tabular 
form in the final section. The effective diffusivities 
determined in this paper are valid in the limit of long 
times, and the characteristic times required to reach 
the longtime behavior are given in the Discussion sec- 
tion. 

Introduction 

Transport processes in fixed beds and porous media are sub- 
jects of considerable practical importance. Fixed beds are 
encountered both in engineering practice where packed beds are 
used as reactors and contacting devices, and in nature in the 
form of porous rock and soil. Fixed, fibrous materials are com- 
mon in the form of filters. membranes, and polymer networks. 
The microscale transfer of heat and mass in each phase (solid 
and fluid) of these materials may often be described by Fourier's 
and Ficks' laws, from which, in principle, the material's behav- 
ior can be determined. The primary interest, however, is not in 
the detailed microscopic processes, but rather the macro- 
transport, i.e., transfer on a larger, macroscale. In disordered 
materials the complexity of the interphase boundaries make 
deterministic modeling of the macrotransport processes in these 
two-phase systems difficult. 

As an alternative, these porous media can be described in 
terms of velocity, concentration, and temperature fields aver- 
aged over a volume that is large compared to a size characteris- 
tic of the microstructure. Macroscopic conservation equations 
for these averaged fields are obtained by averaging the conser- 
vation equations for the detailed, microscopic fields. These 
macroscopic conservation laws need not, however, take the same 
form as the single-phase conservation laws. For example, 
although the Stokes equations of motion apply in the fluid phase 
of a porous medium, the averaged equations of motion are 

Brinkman's equations, which contain a body force resulting 
from the drag excrted on the fixed solid (Hinch, 1977). In a pre- 
vious paper (Koch and Brady, 1985) we showed that in  the limit 
of long times the averaged equation of mass conservation in a 
fixed bed of spheres does take on a form similar to that given by 
Fick's law, but with an effective diffusivity that is a tensor, indi- 
cating that the ratio of average mass flux to the average concen- 
tration gradient depends on the direction in which the gradient 
is imposed. We also determined the asymptotic behavior in the 
limit of low solids volume fraction C#I and/or high Peclet number 
P of the effective diffusivity, obtaining good agreement with 
experiment. In this paper we perform a similar analysis for a 
fixed, fibrous bed, the two-dimensional analog of the case stud- 
ied previously. Because of the close analogy between the trans- 
port processes in fixed beds of spheres and of fibers, we omit 
much of the detailed justification of the analysis contained in the 
previous paper. Although we are interested in both heat and 
mass transfer, we speak in terms of the mass transfer problem as 
a matter of convenience. The heat transfer problem may be 
obtained by analogy, as is shown in the following section. 

Our interest in  fibrous beds is motivated by several factors. 
Fibrous materials are often used as filters to eliminate particu- 
lates from process streams and as membranes in biological sys- 
tems; they also may model the behavior of polymer networks 
and melts. This study broadens our understanding of the general 
problem of dispersion in porous media. We have previously con- 
sidered dispersion in a fixed bed of spheres-one possible geom- 
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etry for porous media. Here we consider a second type of micro- 
structure. Because the fibers have a direction associated with 
the orientation of their axes, this study allows us to examine an- 
isotropic porous media. Finally, a theoretical study of dispersion 
in a fibrous medium is of interest because fibrous beds typically 
have a low solids volume fraction, and the volume fraction may 
be varied over a large range. This facilitates a direct comparison 
between experiment and the theoretical results of a low fiber 
volume fraction analysis. This last point is particularly interest- 
ing because, as we show, the effective diffusivity in a fibrous bed 
actually increases with decreasing volume fraction. 

In a fibrous bed a purely two-dimensional problem is obtained 
if one considers infinitely long cylindrical fibers whose axes are 
parallel, Figure 1. We consider fibrous beds without long-range 
order-so-called disordered beds, i.e., beds in which the fibers 
do not lie in a regular lattice. (Note that fibers that are aligned 
may still be disordered in directions perpendicular to the direc- 
tion of alignment.) This distinction is important because the 
mechanism that will be developed for the hydrodynamic contri- 
bution to the effective diffusivity depends on the stochastic ve- 
locity field that is induced by the randomly positioned fibers. 
We treat fibers of circular cross section, although the method 
presented here can easily be generalized to apply to fibers of any 
cross-sectional shape and to a distribution of fiber radii. With 
onc exception (noted below) the shape of the cross section 
affects only the numerical coefficients, not the functional rela- 
tionships. 

In general, the individual fibers are not perfectly straight nor 
are they perfectly aligned. Rather, they are often randomly 
coiled and twisted, giving some distribution of fiber orientations, 
Figure 1 .  I f  the radius of curvature of the fibers is much larger 
than the cross-sectional radius and much larger than an interac- 
tion length to be discussed below, the fibers may still be treated 
as infinitely long cylinders. In this case the overall bed geometry 
is three-dimensional, but it will be shown that the effective dif- 
fusivity can be derived from a superposition of one-fiber prob- 
lems each of which is two-dimensional. The theoretical develop- 
ment below is applicable to any distribution of fiber orienta- 
tions. In addition to the case of aligned fibers mentioned above, 

specific results will be obtained for the case of an isotropic, 
fibrous bed. 

In the following section we average the detailed, microscopic 
mass conservation equations to obtain a macroscopic Fick's law 
and give a general expression for the effective diffusivity in a 
homogeneous bed. In the third section the approximations 
required to obtain the low fiber volume fraction asymptotic 
behavior of the effective diffusivity are introduced. It should be 
noted, that in a disordered, homogeneous, fibrous bed, the vol- 
ume fraction is equal to the areal fraction. 

The fibers contribute to the effective diffusivity to leading 
order in three ways: 

1. A pure conduction contribution arising from the difference 
in the molecular diffusivity of the tracer in the fluid and in the 
fibers. 

2. A hydrodynamic contribution resulting from the velocity 
disturbance induced by the fibers. 

3. Nonmechanical dispersion contributions resulting from 
the tendency of the zero velocity in and near the fibers to retain 
the tracer and hold it back against the bulk flow. 

The pure conduction contribution, which is the two-dimen- 
sional analog of the effective conductivity of a material with 
spherical inclusions calculated by Maxwell (1873),  is O(@D,) 
and is thus always a small correction in the dilute limit to the 
molecular diffusivity i n  the fluid 0,. The latter contributions, 
however, may cause a significant enhancement of the effective 
diffusivity. 

It will be shown that the second, convective contribution to 
the effective diffusivity can be related to an integral overall 
space of the product of the velocity and concentration distur- 
bances caused by a fiber times the fiber number density, which 
is O(4). Thus, if the velocity and concentration disturbances 
decayed near the fiber one would expect this contribution to be 
O[@D,F(P)] ,  where F ( P )  is some as yet undetermined function 
of the Peclet number. The velocity disturbance decays only at 
large O[a(ln 4-'/4)] distances from the fiber. This distance, 
known as the Brinkman screening length, is the length at which 
the porous media term, related to the drag exerted by the fibers 
on the fluid, becomes comparable in magnitude to the viscous 
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Figure 1. Spatial coordinates defined relative to a fiber. 
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term in the averaged momentum conservation equation. For 
lengths smaller than the Brinkman screening length the bed acts 
like a viscous fluid obeying the Stokes equations, and the veloc- 
ity and concentration disturbances do not decay. For lengths 
larger than the screening length the bed acts like a porous 
medium obeying Darcy's law, and the velocity and concentra- 
tion disturbances do decay sufficiently rapidly to assure conver- 
gence of the integral for the convective contribution to the effec- 
tive diffusivity. Thus each fiber influences mass transfer over 
the large region within one Brinkman screening length, and the 
hydrodynamic contribution to the effective duffisivity is much 
larger than the O[$D,F(P)] estimate made earlier; in fact, this 
contribution actually increases with decreasing fiber volume 
fraction. In the limit of high Peclet numbers-large flow rates- 
it will be seen that the hydrodynamic dispersion mechanism 
becomes independent of molecular diffusion. This contribution 
to the dispersion is caused by the stochastic velocity field 
induced by the randomly positioned fibers, a phenomenon com- 
monly referred to as mechanical dispersion. 

The third, nonmechanical dispersion contributions to the 
longitudinal diffusivity arise when part of the solute is trapped 
in a region from which it cannot escape by convection alone. The 
solute may be trapped in the fibers, from which it can only 
escape by molecular diffusion, leading to an O(4DfP2)  holdup 
dispersion contribution. If the fibers are impermeable to the 
solute, holdup dispersion is absent, but a second type of nonme- 
chanical dispersion becomes important. This nonmechanical, 
boundary-layer type of dispersion occurs because solute can only 
escape the diffusive boundary layer near the fiber by a combina- 
tion of convection and diffusion. The boundary-layer contribu- 
tions to the longitudinal diffusivity are  O[(&/ln &')DfP In P] 
or O([(4/ln 4-')DfP](ln P ) 2 }  depending on the orientation dis- 
tribution of the fibers. 

Macrotransport Equations 
We are interested in the transport of a dilute solute through a 

bed of fibers of radius a in  the presence of a uniform bulk con- 
vective motion throughout the bed. On the microscale, i.e., a t  
each point in  the bed, the tracer concentration c(x, t )  satisfies 

ac - + v * q =  0, 
at 

where the mass flux q is 

q = uc - DfVc in the fluid ( l b )  

and 

q = D,Vc in the fibers (1c) 

and u(x )  is the fluid velocity. On the fiber surface the continuity 
of mass flux and solubility conditions are 

D,n - V q i n  = Dfn - VC~,, , ,  and mclin = clout. ( Id ,  e) 

Here, m is the ratio of the solubilities of the solute in the fluid 
and in the fibers, and n is the outward normal to the fiber sur- 
faces. 

Equations 1b-e may also be written 

D 
M 

q - uc - - V ( M c ) ,  

where the mass conductivity Df M and the activity coefficient M 
are generalized functions that take on the values Dl and 1 in the 
fluid, and the values DJm and m in the fibers. Equation I f  
reduces to Eqs. 1 b, c in the two phases. Because of the jump in M 
at  the interface, a jump in c-equivalent to the solubility condi- 
tion, Eq. le-is required if Eq. I f  is to be nonsingular. Finally, 
the requirement that the flux, Eq. If ,  be continuous, so that its 
divergence in Eq. l a  is nonsingular is equivalent to Eq. Id. 

To determine the macrotransport, we shall develop macro- 
scopic conservation equations that apply to concentration and 
velocity fields averaged over a volume large enough to contain 
sections of many different fibers. To this end we define an 
ensemble average ( (x, t ) ) o  as the unconditional average over an 
ensemble of realizations of the bed, each realization having a 
different microstructural configuration. Similarly, we define the 
conditional ensemble average ( (x, t 1 rlr el) ) as the average over 
those realizations for which a fiber axis of orientation el passes 
through the point r l .  The unconditional ensemble average is 
equal to the volume average if the average velocity and concen- 
tration fields are nearly constant within this volume. We shall 
consider bulk fields that satisfy this condition and are constant 
or vary linearly on the scale of the microstructure, i.e., the 
Brinkman screening length, which should be true everywhere 
except within one screening length of the boundaries of the bed. 

Averaging mass conservation Eq. 1 gives 

where 

In the absence of fibers the nonlinear terms ( U C ) ~  and ( ( D /  
M ) V ( M c ) ) ,  in Eq. 2b would simply equal the product of the 
averaged quantities ( u ) ~ (  c ) ~  and ( D)oV(c)o,  respectively. The 
presence of the fibers, however, causes u, c, D, and M to fluc- 
tuate and the correlations in these fluctuating fields give rise to 
an excess mass flux-a flux in addition to that given by an aver- 
age Fick's law. Nevertheless, Eq. 2b may be rewritten in a form 
similar to Fick's law (Koch and Brady, 1985): 

The first term in Eq. 3 represents the bulk convective flux of 
the solute. The effect ~ ( U ) , , ( C ) ~  of the fibers on this term is 
equivalent to replacing the concentration averaged over the bed 
with the average concentration in the fluid, and replacing the 
bed average velocity with the superficial velocity, reflecting the 
fact that the velocity is nonzero only within the fluid. For conve- 
nience in the analysis we have chosen to define averages over the 
entire bed-fluid and fiber phases-and so y appears. y is given 
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exactly by 

The second term in Eq. 3 is the dispersive flux and serves as 
the definition of the effective diffusivity D. The tensorial nature 
of D reflects both the directionality imposed by the average ve- 
locity and the anisotropy of the bed. In general, D is a tensorial 
operator rather than a constant tensor, due to the nonlocal 
nature of dispersion. There are many effects that contribute to 
the dispersive flux, but in general the effective diffusivity opera- 
tor may be written as the sum of three (not independent) 
terms: 

D = D" + D" + D*, ( 5 4  

where 

is the effective diffusivity in the absence of convection and dif- 
ferences in the mass conductivity D I M  of the two phases. This 
term differs from Df because the driving force for diffusion is 
actually the gradient in activity M c  rather than concentration. 

The contribution D" arises from the difference in the mass 
conductivities of the solute in the fibers and in the fluid. It is 
given by 

where (Y = Dp/mDf, and P ( r l ,  el)  is the probability density func- 
tion for finding a fiber axis of orientation el passing through the 
point r, .  The delta function 6[(x - r l )  - e l ]  has the effect of con- 
verting the volume integral dr,  into an area integral in  the plane 
s normal to the fiber axis el as illustrated in Figure 1. 

For the case of a bed of aligned fibers, P ( r l , e , )  = (4 /  
ra2)[6(2  . e , ) ] ,  where each fiber is parallel to every other, the 
microscopic mass transfer problem, Eq. I ,  is entirely two-dimen- 
sional; i.e., the velocity and concentration only depend on x and 
y .  not on z. Thus, the effective diffusivity may be determined 
entirely by solving a two-dimensional problem. For any other 
orientation distribution the full problem is three-dimensional. 
The one-fiber conditionally averaged problem (Eq. 8) is, how- 
ever, a two-dimensional problem defined in the plane s normal 
to that particular fiber's axis, if one neglects (as we do here) the 
fiber's curvature. Thus, although the overall problem is three- 
dimensional, the effective diffusivity can be determined in the 
dilute limit by solving a set of two-dimensional, single-fiber 
problems. 

The final contribution D* to the effective diffusivity i s  caused 
by the velocity fluctuations induced by the fibers and is given 
by 

Note that our division of the effective diffusivity in Eq. 5 does 
not imply that D" is independent of convection or that D* is 

independent of the effects of molecular diffusion; both molecu- 
lar diffusion and convection affect the concentration required to 
evaluate Eqs. 5c, d. 

Equations 3,4 ,  and 5a-d are strictly valid for all volume frac- 
tions, and are equivalent to Eq. 2b under any circumstances in 
which an ensemble average may be defined. I f  we are to inter- 
pret the operator D as an effective diffusivity in the usual sense, 
however, we should require that it be a constant tensor indepen- 
dent of time and position, and independent of the bulk concen- 
tration field (c(x, r ) ) , .  These conditions are satisfied if the bed 
is homogeneous, i.e., P(r , ,  e , )  is independent of position r I ,  if (as 
we shall assume here) sufficient time is allowed, and if  the bulk 
concentration field varies slowly with position on the scale of the 
Brinkman screening length. In a future paper we shall consider 
mass transfer in fixed beds in the presence of bulk concentra- 
tions that do not vary slowly in time and space. 

The dispersive flux defining D can be determined by subject- 
ing the bed to a constant bulk concentration gradient. A concen- 
tration field that is time-independent and has a constant gra- 
dient perpendicular to the bulk flow ( ( u ) ~  V ( C ) ~  = 0 )  is a solu- 
tion of the bulk mass conversion equation 2a with Eq. 3. The 
presence of the bulk convection term ~ ( u ) ~ ( c ) ,  in  Eq. 3, how- 
ever, requires that a concentration gradient that is constant in 
the direction of the bulk flow must also vary linearly with time. 
Thus, the solution of Eqs. 2a and 3 that has a constant gradient 
is 

Although this bulk concentration field is time-dependent, the 
gradient V ( c ) ,  = V(c(x, r ) ) o  is independent of both time and 
position, and we shall find that this determines an effective dif- 
fusivity that is also independent of time and position. 

We can now evaluate D" exactly for all volume fractions. The 
equilibrium concentration field that corresponds to a constant 
average concentration ( c ) ~  obtained by solving Eq. 1 is 

1 
1 - 4 + 4m-I c,g = ( c ) ~  in  the fluid, 

and 

1 
c, = ( c ) ~  in the fibers. 

m[l  - 4 + 4m-' ]  

Substituting ceg for the concentration in Eq. 5b gives 

where I is the identity dyadic. In writing Eq. 5e we have 
neglected the term D,V(M(c  - cJ). However, as c - cCq is 
driven by the constant concentration gradient, the averaged 
quantity ( M ( c  ~ c,)) has no spatial variation, its gradient is 
zero, and thus Eq. 5e is equivalent to Eq. 5b for constant bulk 
concentration gradients. 

At this point we shall begin to introduce the approximations 
required to obtain the low 4 asymptotic behavior of the effective 
diffusivity. Velocity-concentration correlations involving two or 
more fibers may be neglected in the dilute limit, so that Eq. 5d is 
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approximated by 

where ( u ’ ( x ~ r , , e , ) ) ,  = (u(x[ r , ,  e l ) ) l  - ( u ( x ) ) ,  is the distur- 
bance velocity field-the difference between the velocity aver- 
aged with and without a fiber fixed at  r,-and (c’(x, t l r , ,  el)), = 

(c(x, r l r l ,  e l ) ) ,  - (c(x, t ) ) ,  is the disturbance concentration 
field. 

Further approximations are required to evaluate the condi- 
tionally averaged velocity and concentration fields. The condi- 
tionally averaged concentration (c(x, r Irl, e , ) ) ,  satisfies the 
equations 

for points in the fluid, and 

for points in the fiber that is fixed at  r1 with orientation el.  The 
symbol ( ), indicates a conditional ensemble average with two 
fibers fixed. The one-fiber convective diffusion problem ob- 
tained by neglecting the righthand side of Eq. 7a is usually ade- 
quate to give the leading behavior of the diffusivity. (An excep- 
tion to this general statement is discussed later.) These and the 
additional approximations that will be required in the following 
section may be justified by analogy to the fixed-sphere problem 
(Koch and Brady, 1985). It should be noted, however, that 
whereas the asymptotic analysis produces an algebraic series in 
4 for the effective diffusivity in a fixed bed of spheres, the 
asymptotic series for the effective diffusivity in a fibrous bed 
contains terms that are only logarithmically small in 4. 

The equations of motion in the fluid phase are taken to be the 
Navier-Stokes equations, which may be approximated by the 
creeping-flow Stokes equations at  low Reynolds number. Taking 
the conditional average of the Stokes equations with one fiber 
fixed gives (Hinch, 1977) 

where u = -pZ + p(Vu + V u t )  is the stress tensor, and the 
resistivity k- ’  which is the inverse of the permeability tensor for 
anisotropic media, is given by 

-,.J-I - ( u ) ,  = 1 de ,p(r , ,  e l ) ( f ( r l ,  el)),,. ( 8 ~ )  

Here ( f ( r l ,  e l ) ) ,  is the drag per unit length exerted by a fiber of 
orientation el.  

The porous media term - pk-’ - ( u )  I on the lefthand side of 
Eq. 8b is proportional to the fiber volume fraction. It cannot, 
however, be neglected in the low volume fraction asymptotic 
analysis, because it decays more slowly with radial distance 
( x  -- rI  I than does the viscous term jLV2(u). These two terms are 
of the same order of magnitude at radial separations of one 
screening length I k - ’  I-’’’, where I k - ’  I is the trace of the resis- 
tivity k - I .  The velocity disturbance resulting from holding a 
fiber fixed in a medium described by Eq. 8a and the lefthand 
side of Eq. 8b grows as In(1.x - r l I )  for small radial distance 
Ix - r I I ,  but is screened by the other fibers and decays as 
Ix - ri  I-’ at distances large compared to the screening length. 
Through this screening, the Stokes paradox is avoided and the 
drag on the fibers may be determined (Spielman and Goren, 
1968). In  the appendix we reproduce the results of Spielman and 
Goren that are required to calculate the effective diffusivity. 

The remaining terms involving fiber interactions-those on 
the righthand side of Eq. 8b-decay more rapidly than - ~ k - ’  - 
( u ) ~  and may be safely neglected (Koch and Brady, 1985; 
Hinch, 1977; Acrivos et al., 1981). 

Effective Diffusivity 
In  this section we make use of the definition of the effective 

diffusivity Eq. 5 ,  and the approximate expressions for the condi- 
tionally averaged concentration and velocity fields, Eqs. 7 and 8. 
to obtain the asymptotic behavior a t  low fiber volume fraction of 
the effective diffusivity as a function of the Peclet number P = 

Uu/D,, where U is the magnitude of the average velocity, i.e., 
U = I ( u ) , l .  I n  each of the three following subsections we shall 
consider one of the three contributions that the fibers make to 
the effective diffusivity: the pure conduction, the hydrodynamic, 
and the nonmechanical contributions. The theoretical develop- 
ment for each contribution will be applicable to any distribution 
of fiber orientations. Explicit results will be presented for two 
cases: an isotropic bed, and a bed of aligned fibers with flow per- 
pendicular to the fiber axes. I t  will also be shown that for the 
special case of flow parallel to the axes in a bed of aligned fibers 
there is no time-independent solution for the effective diffusivi- 
tY. 

Pure conduction 
In the absence of convection, u = 0, the fibers still affect the 

macroscopic mass transfer rate if  the diffusivity Dp of the solute 
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in  the fibers is different from its diffusivity Df in the fluid. In  this 
case, however, the fibers have only a small effect on the effective 
diffusivity, and the conditionally averaged concentration may be 
approximated by solving a pure conduction problem for an iso- 
lated fiber subject to a constant concentration gradient V(c), a t  
infinite separation from the fiber: 

where p = (x ~ r l )  - el[el (x - r l ) ]  is the radial distance 
from the fiber (Figure I ) ;  p = Ip  I. The concentration gradient in 
the fiber obtained by solving Eq. 9 is 

Using this result with the proper orientation distribution in Eq. 
5c, one obtains the pure-conduction contribution D" in the dilute 
limit. 

Isotropic Bed. In an isotropic bed, P(r, el) = 4 f 4rza2, and 
there is no preferred direction in the absence of convection. 
Thus, the pure-condition contribution is isotropic and is given 
by 

Aligned Fibers. In general, the pure-conduction contribution 
will not be isotropic in an anisotropic bed even in the absence of 
convection. For the case of fibers aligned with the z-axis, 
P (rl. el) = ( $ / r a 2 ) 6 ( i  el), the pure-conduction contribution 
is 

D" = Z $ D f ( a  - 1 )  

The first term on the righthand side of Eq. 12 has the effect of 
replacing the molecular diffusivity Df in the fluid with the aver- 
age molecular diffusivity Df(l - $) + $ ( D , / m )  for diffusion 
parallel to the fiber axes. This term is exact, independent of the 
volume fraction. The above results are equivalent to the effec- 
tive conductivity in a bed of spheroids presented by Batchelor 
( 1  974) in the limit as the aspect ratio of the spheroids becomes 
large. The result for the pure-conduction contribution Eq. 12, is 
also equivalent to the low $ asymptote of the effective conductiv- 
ities calculated by Runge (1925) and by Perrins et al. (1979) for 
aligned cylinders in square and hexagonal arrays. The leading 

behavior of the pure-conduction contribution is the same in 
ordered and disordered beds, because this leading behavior does 
not depend on the nature of fiber-fiber interactions, and hence 
does not depend on the bed microstructure. In the next section 
we shall see that the leading order hydrodynamic contribution 
does depend on fiber-fiber interactions, and so the ordered and 
disordered cases are expected to give different hydrodynamic 
contributions even in the dilute limit. 

Hydrodynamic dispersion 
The leading effect of convection on the effective diffusivity 

comes from the correlation in the velocity and concentration 
fluctuations contained in D*, which is defined by Eq. 5d and 
approximated in the dilute limit by Eq. 5f. We noted in the 
introduction that the concentration and velocity disturbances 
caused by a fiber decay only at  large radial distances from the 
fiber, distances comparable to the Brinkman screening length 
kl/' - O[a(ln c#-'/$)'/~], where k is the permeability. Thus, the 
Brinkman screening length is an important parameter affecting 
hydrodynamic dispersion. The relationship between the perme- 
ability and the volume fraction is given by Eqs. A2 and A4 in the 
appendix. The errors inherent in these implicit expressions are 
O( l/ln $ - I )  at  low volume fraction $. On the other hand, the 
explicit expressions Eqs. A3 and A5 of the appendix, for the per- 
meability in terms of the volume fraction have much larger 
O[ln (In &')/In 4-'] errors. Thus, it is more convenient and 
more accurate to express the hydrodynamic contribution in 
terms of the Brinkman screening length (or permeability) rather 
than expressing it directly in terms of the volume fraction. 

The convective flux integral, Eq. 5f, must be integrated over a 
large cylindrical volume with a radius comparable to the screen- 
ing length. The dominant hydrodynamic contributions to the 
effective diffusivity occur at this large radial distance, because it 
is only here that the velocity and concentration disturbances 
induced by the fiber decay. As a consequence, several simplifi- 
cations may be introduced: 

1 .  The velocity disturbance caused by a fiber ( u ' ) '  may be 
approximated as that due to a point force. 

2. The boundary conditions on the  concentration field a t  the 
surface of the fiber need not be satisfied. 

3. The second integral in Eq. 5f over the area inside thc fiber 
may be neglected. 
The coordinate transform R = k-ll'p = k- ' / ' { (x  - r I )  - 
el[el . (x ~ rl)]) places the dominant contribution to the con- 
vective mass flux integral, Eq. Sf, a t  R - O( 1). Using the spatial 
homogeneity of the bed, P ( r l ,  e l )  = ( $ / r a 2 ) P ( e l ) ,  the trans- 
formed flux integral, Eq. 5f, becomes 

The convolution theorem may be used to transform this real- 
space integral into an integral involving the Fourier transforms 
of the velocity and concentration disturbance fields: 

-D* * L' (L. )~  
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where the Fourier transform is denoted by *, and [ is the two- 
dimensional transform variable corresponding to R. 

The transform of the point-forcevelocity disturbance (ij'(t) ) I  
is obtained by solving the transformed equations of motion, i.e., 
the transform of Eq. 8 with the appropriate point-force driving 
term k - ' (  f ( e l ) ) 0 6 ( R ) ,  and, in general, is given by 

Using Eq. 19 with the orientation distribution P(el) = 1 / 4 ~ ,  the 
convective contribution, Eq. 18, to the effective diffusivity may 
be written in the form 

(f(ed)o - (I - $)[ 
@D P2k J- [ D * = L -  d4i dF . & - I  - 1  1 6 7 ~ ~  p2U2a2 (F2  + I) '  (5' - iP(1)O - t ) '  1 /PI << [4 In 4 << I ,  (20) F2 

k-'FZZ + k- '  ~ - 

where k - '  = / & - ' I .  Here, (f(el))o is the average drag per unit 
length on a fiber of orientation e l .  

Low Peclet numbers: I PI << 4 In 4-l 
The equation for the concentration disturbance a t  low P may 

be obtained by subtracting the mass conservation equation, Eq. 
2a, averaged with no fibers fixed from that, Eq. 7a, averaged 
with one fiber fixed, neglecting the interfiber interactions on the 
righthand side of Eq. 7a to give, in screening length variables 
R ,  

We have retained the time derivative in Eqs. 7a and 16 because 
the bulk average concentration ( c ) ~  given by Eq. 6 is time- 
dependent. Note, however, that only V(c), appears in Eq. 16. 
We have seen that this gradient is a constant independent of 
time, and so the concentration disturbance has a steady solution. 
As shown by Koch and Brady ( 1  985),  ( u )  I in the second term on 
the lefthand side of Eq. 16 may be approximated to leading 
order in 4 (large k) by ( u ) ~ ,  and Eq. 16 may be solved in Fourier 
space, using the fact that V(c),  is a constant, to give 

The leading-order hydrodynamic contribution to the effective 
diffusivity a t  all values of the Peclet number may be obtained by 
integrating Eq. 14 with the concentration disturbance, Eq. 17, 
and the velocity disturbance given by Eq. 15. Since is pro- 
portional to V(  c ) ~ ,  and since Eq. 14 must hold for any constant 
V( c ) ~ ,  the effective diffusivity D* is space- and time-indepen- 
dent and is given by 

where P = Pa-' k'l2 = lJk'/'/Dfis the Peclet number based on 
the Brinkman screening length and ( l ) ,  is a unit vector in the 
direction of the bulk flow, which we take to be the x-direction. 
( f ( e l ) ) o  is the drag per unit length in an isotropic bed and is 
given by Eq. A l .  In order of magnitude I (  f > o )  - 0 ( U a 2 / 4 k ) .  
The integral in Eq. 20 may be evaluated numerically to give the 
hydrodynamic contribution to the effective diffusivity in terms 
of the screening length Peclet number P, and the results are 
given in Figure 2. Note that it is the Peclet number P based on 
the screening length that is the appropriate nondimensional 
parameter which measures the relative importance of convec- 
tion and conduction in determining the effective diffusivity. P 
also arises naturally upon nondimensionalizing Eq. 16. Depend- 
ing on the relative magnitudes of particle Peclet number P and 
the volume fraction 4 (i.e. k - ' ) ,  the screening length Peclet 
number P may be large, even though P i s  small. 

In the limit of high P convection dominates in the Brinkman 
screening length region, while a t  low P conduction dominates. 
Equation 20 can be evaluated analytically in these limits, and 
these asymptotic forms are indicated by the dotted lines in Fig- 
ure 2. Explicitly, the low P results are: 

where So is a function of the volume fraction given by So = 

in the 
denominator of the integrand of Eq. 20 in the limit of low P, the 
hydrodynamic contribution would be O [  D, (a2 /k4)P2] .  How- 
ever, the integral is only conditionally convergent in the limit of 
small wave number [ (large distances R from the fiber) when 
the convective term is neglected. We have stated that the veloc- 
ity and concentration disturbances begin to decay at  radial dis- 
tances comparable to the screening length, p - 0 ( k ' I 2 ) ,  R - 

(9/25) (a2/k4J). 
I f  we could neglect the bulk convective term iP (1  ) o  . 

- -  
O (  I ) .  In the low P limit, however, the velocity and concentra- 
tion disturbance fields each decay only as R-'  upon screening, 
and the convective flux integral is only conditionally convergent. 

(18) JdF oftZ - ik ' /2 (u)o  . t 
It is only at  a still larger iadial disiance p - 0iP-I a),> - 
O ( P - ' )  that the bulk convection term becomes more important 
than the conduction term, so that the concentration disturbance 
begins to decay like R-', and the convective flux integral 
becomes absolutely convergent. As a result the actual asymp- 

Isotropic Bed. In an isotropic bed the permeability is a scalar, 
k-' = k- ' I ,  indicating that the overall structure of the bed has 
no preferred direction, and the velocity disturbance, Eq. 15, 
reduces to 

totic form of D* at  low P contains a factor of In IP-Il, and is 
O [ D f ( a 2 / k 6 )  P2 InlP-'\]. 

In terms of the fiber Peclet number, the low P asymptote of 
the effective diffusivity D* is O[Df(1/4) P2 lnlPk'/2 a - ' l ] ,  

(19) (U')I(F) = - 
P(F2  + 1) 
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Figure 2. Hydrodynamic contribution D* t o  the  effective 
diffusivity for an isotropic bed  with flow in t h e  
x-direction a t  low P e c l e t  n u m b e r s ,  P << 
[t$ in 4-‘]1’2. 
----, high and low Pasymptotes. 

which increases as the volume fraction decreases. This surpris- 
ing result comes from the fact that the velocity disturbance in a 
fibrous bed is long-ranged and increases in range as decreases. 
It should be noted, however, that we must wait an increasingly 
long time, O(a/U$l”), for the effective diffusivity to reach its 
longtime asymptotic value as the volume fraction decreases. 

The high P asymptote in Figure 2 applies to the range [@/ 
In 4-‘] ‘I2 << P << [d In 4-’] I/’. In this range of Peclet numbers 
the convective contribution to the effective diffusivity may be 
calculated using either the methods for low Peclet numbers just 
discussed above, or those for high Brinkman screening length 
Peclet numbers discussed later; for convenience we shall con- 
sider this limit in the later discussion. 

Aligned Fibers. In the case where the fiber axes are aligned in 
the z-direction, the resistivity is a tensor, i.e., k - ’  = k;’ (Pi + 
j j )  + kill 22. For an arbitrary bulk velocity ( u ) , .  it is necessary 
to use the general form of the velocity disturbance, Eq. 15. It is 
possible to use a simpler form of the velocity disturbance similar 
to Eq. 19 in two cases. These correspond to bulk flow parallel to 
and perpendicular to the fiber axes. 

When the bulk velocity ( u ) ,  is perpendicular to the fibers, the 
velocity disturbance ( u ’ )  I has no component in the z-direction. 
As a result only the perpendicular components of the resistivity 
tensor enter the problem, and k-’  - ( u ’ ) ,  = k; ’ (u ‘ )  ,. Thus, the 
velocity disturbance may be written in a form similar to Eq. 19: 

where (f,)o = - d-’k;’n~a’(u), is the average drag per unit 
length on a fiber, and k;‘ is given by Eq. A4b. Using Eq. 21 and 
the orientation distribution P(el) = 6 (el - 2 ) ,  the convective con- 
tribution, Eq. 18, to the effective diffusivity becomes, upon inte- 

where P, = Pk:/’a-’, and ( l ) ,  is a unit vector in the direction of 
bulk flow, the x-direction. The results of Eq. 22 are presented in 
Figure 3. The behavior of the effective diffusivity is similar to 
that for the isotropic bed given in Figure 2. The low screening 
length Peclet number asymptotes of the hydrodynamic contri- 
bution to the effective diffusivity are given by: 

where S, = a2u/k,d, and differ from the isotropic case only by a 
numerical factor. Note, however, that there is no hydrodynamic 
contribution to the diffusivity parallel to the aligned fibers, 
D: = 0, because there is no component of the velocity distur- 
bance in this direction. Also, there is a quantitative difference in 
the high screening length Peclet number behavior of D;, the 
hydrodynamic contribution to the diffusivity transverse to the 
bulk flow in the two cases. We discuss this behavior in the fol- 
lowing section. 

We shall now consider the case of a bulk flow parallel to the 
fiber axes in a bed of aligned fibers. The velocity disturbance 
here is entirely in the z-direction, parallel to the fiber axes. 

=uYY 

I I I 

10-2 I oo 10 
P A  

Figure 3. Hydrodynamic contribution D* to effective dif- 
fusivity for a bed of fibers aligned in t h e  z-direc- 
tion with flow in the  x-direction a t  low Peclet 
numbers, P << [+ In 4~-~]’”. 
--, high and low P, asymptotes. 
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Thus, only the parallel component of the resistivity tensor 
affects the velocity disturbance, and k-’ . ( u ‘ ) ,  = k c ’ (  u‘)l .  The 
hydrodynamic contribution to the effective diffusivity may be 
written in a form similar to Eq. 22, but with k ,  replaced by kb. 
We have noted that it is necessary to involve the effect of the 
bulk convective term in Eq. 16 on the concentration disturbance 
in order to obtain a convergent expression for D* even in the 
limit of low screening length Peclet numbers. The concentration 
disturbance varies only in the plane (s in Figure 1) normal to the 
fiber axis. Thus when the bulk flow is parallel to the axis, the 
convective term in Eq. 16 ( u ) ~  - V(c‘) = 0, indicating that the 
concentration disturbance is not convected away from the fiber 
by the bulk flow. Thus, the concentration disturbance grows 
with time and with distance along the fiber and there is no time- 
and space-independent effective diffusivity for this case. 

I f  a fiber is nearly parallel to the bulk flow, its contribution to 
the effective diffusivity is large O(ln & I )  where 8 is the angle 
between the bulk flow direction and the fiber axis. Here, bulk 
convection does carry the concentration disturbance away from 
the fiber, but only slowly for small 0. The requirement that a 
given orientation distribution give a constant time- and space- 
independent diffusivity is that the orientation distribution, P(O), 
is less singular than (sin O ) - ’  In 0-l as O - 0. For the isotropic 
case considered above P(0) - O(1) as 8 - 0, confirming the 
existence of a constant effective diffusivity for that case. We 
shall see, however. that fibers orientated nearly parallel 
[O - O(p-’)]  to the bulk flow make a large contribution to the 
boundary-layer dispersion in an isotropic bed, examined later. 

length Peclet numbers: I << 

In  this subsection we evaluate the hydrodynamic contribution 
to the effective diffusivity in the convection-dominated region, 
P >> I .  We shall see that this contribution may generally be eval- 
uated by simply neglecting the O( ‘ P I )  small molecular diffu- 
sion term in Eq. 16 for the concentration disturbance, to give the 
one-fiber purely mechanical equation: 

In the Brinkman screening length region R - O(1) far from the 
fiber, ( u ) ,  = ( u ) ~ .  From symmetry considerations, however, 

[ ( u ) ~  - el(el 
e l  - VR(c’)I = 0, SO ( u ) ,  - VR(c’)I = ( u ) O  - V,(C’), = 

( u ) ~ ) ]  . VR( c’),, and the solution of Eq. 23 is 

where X and Y are Cartesian coordinates corresponding to R, 
and Xis the direction corresponding to the projection of the flow 
direction onto the planes (Figure I ) .  Substituting Eq. 24 for the 
concentration disturbance in Eq. 13, we obtain 

l d X d Y ( u ’ ( X ,  Y ) ) l  JydX’(u’(X’ ,  -m Y ) ) , .  (25) 

Equation 25 is an integral over all space and over all fiber orien- 
tations of the velocity disturbance correlation function 

which measures the correlation of the velocity disturbances 
experienced by a fluid element a t  a given time, i.e., given X ,  with 
the fluid element’s velocity disturbance at  all previous times- 
previous X .  

The integration in X and X‘ in Eq. 25 can be carried out giv- 
ing 

where 

An equation for ( U ’ ( Y ) ) ~ ~  is obtained by integrating the 
equations of motion, Eq. 8, with respect to X .  In  Fourier space 
(u’(Y),,is 

where 7 is the one-dimensional Fourier transform variable cor- 
responding to Y .  The convolution theorem can be used to write 
Eq. 27 as 

The leading behavior a t  low 4 of the convective contribution 
to the effective diffusivity for IPI >> 1 is given explicitly by Eq. 
30 provided that the righthand side is nonzero. 

The mechanism we have just presented for hydrodynamic dis- 
persion in the high P limit is completely independent of molecu- 
lar diffusion. Each fiber’s velocity disturbance gives rise to a 
convectively determined mass flux. When this effect is averaged 
over the randomly distributed fiber positions and orientations it 
gives a contribution to the effective diffusivity that is indepen- 
dent of the molecular diffusivity. Such a purely hydrodynamic 
dispersion is commonly referred to as mechanical dispersion. 

Isotropic Beds. For the case of an isotropic bed with the bulk 
flow in the x-direction the hydrodynamic contribution obtained 
by evaluating Eq. 30 is 

These expressions give the high P asymptotes in Figure 2 
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Aligned Fibers. For a bed of fibers with their axes aligned in 
the z-direction, the mechanical contribution given by Eq. 30 is 

These expressions give the high P asymptotes in Figure 3. There 
is no hydrodynamic contribution to the effective diffusivity D: 
parallel to the fiber axes, because the z-component of the veloc- 
ity is identically zero. Thus, Eq. 32c holds independent of 4 and 
I ) .  The contribution D:, to the parallel diffusivity differs only by 
a numerical coefficient from the contributions D,*,, D;y, and DA 
to the effective diffusivity in the isotropic case. However, Eq. 30 
gives no contribution to DZ, the coefficient for diff usivity per- 
pendicular to both the bulk flow and the fiber axes. 

From Eqs. 29 and 30 it can be seen that a t  the level of approx- 
imation considered above, a fiber continues to dispersion only in 
the direction in which it exerts a drag on the fluid. In the case of 
circular fibers aligned perpendicular to the flow, the average 
drag on each fiber, ( fL)o = -4-1ki1qta ' (u)o ,  is antiparallel to 
the flow. As a result, there is no contribution to D;y at  the level of 
a one-fiber, purely mechanical analysis. Note that if the fibers 
were noncircular, or if they were not perfectly aligned, there 
would be a component of the drag in the y-direction and there 
would thus be a contribution to 0; from the one-fiber, purely 
mechanical analysis above. 

For perfectly aligned, circular fibers, however, the leading 
behavior of 0; comes from considering the corrections to the 
purely mechanical concentration disturbance obtained by in- 
cluding the effects of molecular diffusion or fiber interactions, 
Eq. 23. The relative importance of diffusion and fiber interac- 
tions depends on the magnitude of the Peclet number. 

For [@/In 4-']'/' << IPI < [4 In 4-II1/' the diffusive correc- 
tion gives the dominant contribution to OFy This correction may 
be obtained by expanding the concentration disturbance in 
inverse powers of P, 

The first term ( c ' ) ~ . ~  is just Eq. 24, but the O(P- I )  obtained by 
solving 

docs contribute to D;y, giving 

Next, we turn to the corrections to Eq. 32b due to fiber inter- 
actions. We have noted that the nul l  result OFy = 0 in Eq. 32b 
arises because there is no component of the drag on the fiber in  
the y-direction at  the level of the one-fiber problem in a bed of 
aligned fibers. One fiber's velocity disturbance, however, in- 
duces a drag on a second fiber that has a component in  the y -  
direction, normal to the flow. Thus, the inclusion of fiber inter- 
actions in the analysis results in  a purely mechanical contribu- 
tion to the transverse diffusivity. These interactions enter the 
analysis through the previously neglected righthand side of mass 

conservation Eq. 7a, and through the two-fiber velocity-concen- 
tration correlations neglected in writing Eq. 5d as Eq. 5f. It may 
be shown by analogy to Koch and Brady ( I  985) that these con- 
tributions to D;,, are O(Ua4/k3('& - O[Ua4-'/2(ln 
Thus for [+/In 4-1]1/2 << IPI << [4 In 4-1]1'2, the diffusively 
driven transverse diffusivity, Eq. 34, is dominant, while for 
IPI >> [4 In @-']'/', D;y is determined by fiber interactions. 

A self-consistent renormalization, which takes account of 
these fiber interactions, involves using the same effective diffu- 
sivity D that we have calculated for the bulk diffusion problem 
in the equation for the concentration disturbance: 

This self-consistent approximation does not fully account for all 
the effects of fiber interactions. It does, however, give the func- 
tional dependence of D: on 4, k,, and P, and it has a certain 
intuitive appeal. Equation 35 may be solved in a manner similar 
to our solution of Eq. 16 above. Here we expand ( c ' ) ~  in  powers 
of l D l / I )  rather than 'PI. The transverse diffusivity obtained 
by substituting the solution of Eq. 35 into the expression for the 
convective flux Eq. 13, is 

Inserting Eq. 32a into Eq. 36 we obtain, to leading order in  4, 

which includes the diffusive correction, Eq. 34, and the antic- 
ipated 0(Ua4/k:/'+') mechanical dispersion term caused by 
interfiber interactions. 

In the limit of high Peclet number all of the contributions to 
the effective diffusivity considered in this section grow linearly 
with the flow rate and are independent of molecular diffusion. 
This phenomenon is referred to as mechanical dispersion 
because it is caused by the stochastic velocity field alonc, with- 
out need for a consideration of molecular diffusion. This 
mechanical dispersion mechanism adequately describes the dis- 
persion that occurs in  the bulk fluid between the fibcrs. As we 
shall see i n  the next section, however, this mcchanism is not 
valid within and near the fibers. 

Nonmechanical dispersion 
The effects of the finite cross-sectional area of the libcrs on 

the effective diffusivity are small i n  the volume fraction in a 
dilute bed. However, some of these effects grow faster with the 
Peclet number as (PI - "= than the O [ D / ( P l ( g - '  In @ - ' ) ' / ' I  
purely hydrodynamic, or mechanical, contributions obtained in 
the previous section. 

These nonmechanical, finite-size effects arise when the mc- 
chanical dispersion mechanism examined above breaks down. 
This breakdown occurs when the concentration disturbancc 
given by the purely mechanical mass conservation Eq. 23 is not 
finite. The threc regions of the bed where this occurs are: 

I .  The interior of the fibers were ( u ) '  = 0. 
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2. A boundary layer of fluid near the fiber surfaces where 
( u ) ~  - 0 as one approaches the surfaces. 

3. Any regions of closed streamlines where ( u ) ,  # 0, but the 
integral of ( u )  I over a circuit of a closed streamline is zero. 

In each of these regions the stochastic velocity field alone is 
not sufficient to remove any solute and allow it to be convected 
downstream. As a result the contributions to dispersion arising 
from these regions do depend on molecular diffusion in the limit 
P- a. 

Holdup dispersion 
When the tracer permeates the fibers, I/m # 0, the most 

important nonmechanical contribution to dispersion results 
from portions of the solute being retained in the fibers and held 
back against the bulk flow. The magnitude of this holdup disper- 
sion contribution can be rationalized by a simple physical argu- 
ment. In  the limit of high Peclet number the resistance to mass 
transfer in the fluid is negligible compared to the diffusive resis- 
tance within the fiber. The residence time of a solute molecule in 
the fiber is the diffusive time scale for the fiber t,=, - ( u 2 / D p ) .  A 
solute molecule in the fluid has a velocity I ( U ) ~ I  = U relative to 
the solute in the fiber, so the distance by which the solute in the 
fibers is displaced from the solute in the fluid, i.e., its mean free 
path, is X - Ut,cs - (u2U/Dp).  At any time the fraction of the 
solute in the fibers isf/ - (1  / m + ) .  The resulting diffusive contri- 
bution is the product of the velocity, the mean free path, and the 
fraction of the solute being held back, Dtxx - f /hU - (u2U2/Dp) 

The correct numerical coefficient for this holdup dispersion 
contribution is obtained by evaluating the portion of the convec- 
tive dispersion integral from the interior of the fiber, Eq. 7, i.e., 

d ( l /m) .  

-D* . V ( C ) ~  

Inside the fiber the conditionally averaged velocity ( u ( p ) ) ,  = 0, 
so thevelocitydisturbanceis ( ~ ' ( p ) ) ~  = ( u ) ~  - ( u ) ,  = -(u),,. 
Because the primary resistance to mass transfer is in the fiber, 
the conditionally averaged concentration field may be deter- 
mined by solving Eq. 7 with the boundary condition 

1 1 
rn 

= - ( I  +y)(c) ,=;( l  + y ) 2 V ( ~ ) 0 -  (u),t a t p = a ,  (39) 

where we have used Eq. 6 and chosen x = 0. The boundary con- 
dition at the fiber surface is (I/m)(l + y ) ( ~ ) , ,  rather than 
simply ( I /m) (c ) , ,  because at high Peclet number a fiber sees 
the average fluid phase concentration, not the average bed con- 
centration. Although ( c ) ~  and ( c ) ~  are time-dependent, the 
integrand of Eq. 38 is independent of time. Thus, the holdup dis- 
persion contribution is time-dependent and is given by 

D,&y = = 0, (40b, c) 

This result applies to all fibrous beds independent of the orienta- 
tion distribution P(el). It is also valid independent of the volume 

fraction as long as the Peclet number is sufficiently high so 
that the primary resistance to mass transfer is internal diffusion 
within the fiber. 

We have described holdup dispersion arising from the direct 
absorption of the solute into the solid fiber. If the fibers are 
made of a porous solid material, however, holdup dispersion may 
result from retention of the solute in the solvent-filled dead end 
pores in the fibers. The velocity of the fluid in these dead end 
pores is zero, and so the trapped fluid plays the same role as  the 
solid in holding the solute back against the bulk flow. To deter- 
mine the magnitude of this holdup dispersion we can use Eq. 40 
with LIP replaced by an effective diffusivity for diffusion through 
fiber pores, and 4 replaced by an appropriate measure of the 
relative amount of pore volume. 

Boundary-layer dispersion 
When the fibers are impermeable to the solute, I / m  = 0, the 

holdup dispersion discussed above is absent. This simply means 
that solute cannot be dispersed by retention in the fibers when 
the fibers do not absorb the solute. In  the heat transfer problem 
the equivalent criterion for the absence of holdup dispersion is 
that the volumetric heat capacity of the fibers is small compared 
to the heat capacity of the fluid. 

Even when the fibers are impermeable there are nonmechani- 
cal contributions to the longitudinal diffusivity from regions of 
closed streamlines and from a boundary layer near the fiber. 
When the distance between two fibers is sufficiently small, we 
expect there to be regions of closed streamlines between them. 
[See Hasimoto and Sano (1980) for a discussion of separation 
and the formation of regions of closed streamlines for two bodies 
that are nearly in contact.] Closed streamlines are finite regions 
from which the solute can only escape by molecular diffusion. 
As a result, these regions are expected to give a holdup disper- 
sion contribution similar to that discussed in the preceding sec- 
tion. Since this is a two-fiber effect, however, this closed stream- 
line dispersion is expected to be O(&P2). 

At the level of the one-fiber problem there are no finite 
regions of closed streamlines or of stagnant fluid, but we shall 
see that the mechanical dispersion analysis still breaks down 
near the fiber surface, leading to a nonmechanical, O(+P In P), 
boundary-layer dispersion contribution. 

The purely mechanical mass conservation Eq. 23 reduces 
near the fiber to 

where y = ( p / u )  - 1 << I ,  p and 0 are polar coordinates in the 
plane normal to the fiber, and 0 = 0 is the upstream direction. 
Equation 41 may be solved by the method of characteristics, giv- 
ing 
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Substituting Eq. 42 into the portion of the convective flux inte- 
gral, Eq. 7, in  the boundary layer, the purely mechanical analy- 
sis gives 

D:x,bp = * j d e l  d0 d y P ( e , )  
A 

Aligned Bed. In a bed of aligned fibers P ( e , )  = 6 ( (  l )o  el) ,  
and ( f  )o =fL ( l)o, so Eq. 43 reduces to 

The upper limit of c << 1 in the range of integration in y is intro- 
duced so that the integral is restricted to the region near the 
fiber where Eq. 41 is valid. The integral in Eq. 44 is only condi- 
tionally convergent as y - 0, because the concentration distur- 
bance becomes infinite a t  the surface y = 0. The problem is that 
close to the surface, y - O(P-’/’), there is a boundary layer 
where diffusion must be taken into account even as P -- 00. The 
equation for the concentration disturbance in this diffusive 
boundary layer is 

where Y = yP‘/’. The leading effect of the boundary layer on the 
diffusivity can be determined without obtaining the full solution 
of Eq. 45, however. The correct O[($/ln @-')Pin P)] con- 
tribution to the longitudinal diffusivity is obtained if we simply 
recognize that due to molecular diffusion the concentration dis- 
turbance does not become infinite as y - 0, but approaches a 
finite, O(P1/’) value. An approximate concentration distur- 
bance that captures this effect is 

b1P113 , (46) 1 . (3) min [y 1 s_” d8’ 
lfil y B B o sin’” B’ ’ 

where b,, is an O( 1) constant. Substituting Eq. 46 into the con- 
vective flux integral, the boundary-layer contribution to the 
longitudinal diffusivity is 

(47) 

where B(l/4, y4) is the Beta function. Note that the O($/ 
Ifi IP In P) term in Eq. 47 is independent of b,,  indicating that 
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the exact form of the concentration disturbance in the boundary 
layer does not affect the leading behavior of D,*,,bn. 

Isotropic Bed. In an isotropic bed P(e,)  = I / ~ A  and I ( f  )o - 
e l ( e l  - (f )o) I = ( 1  - cos w ) f L ,  where w is the angle between el 
and ( 1 )o, so Eq. 43 reduces to 

Equation 48 fails to converge not only near the fiber surface, 
y - 0, but also for fibers that are nearly parallel to the flow, 
cos w - 1. In this case the strength of the convective field nor- 
mal to the fiber is O[(l/~)C/ylfil(l - cosw)], so the bounda- 
ry-layer thickness is O{[(l/p)(fil(l - cos w)P] - ’ / ’ ) ,  and the 
concentration disturbance in the boundary layer is O (  [( I /  
w )  IfL 1(1 - cos w ) P ] ’ / ’ ) .  Thns, for fibers that are nearly parallel 
to the flow the boundary-layer thickness and the concentration 
disturbance both become larger than in an aligned bed. How- 
ever, the concentration disturbance cannot grow larger than 
O ( P ) ,  the value that holds when the solute is transported away 
from the fiber by molecular diffusion alone. The approximate 
concentration disturbance in the isotropic case is thus 

Substituting Eq. 49 into the convective flux integral in  the boun- 
dary layer gives 

P 
= 18.339--(P([ ln(P(]2,  (50) If, I 

where the leading O(9P[ln PI2/ln + - I )  term comes from the 
thick boundary layers of the fibers that are nearly parallel to the 
flow. 

The linearity of the mass conservation equation allows us to 
superimpose the solutions from the holdup and boundary-layer 
dispersion sections above, so the corresponding nonmechanical 
effects are additive to leading order. 

Discussion 
We have applied ensemble-averaging techniques to the basic 

conservation equations in a fibrous medium to derive a macro- 
scopic mass conservation equation. In the limit of long times for 
slowly varying bulk concentration fields, this averaged mass 
conservation equation was shown to take the form of a macro- 
scopic version of Fick’s law with a time- and space-independent 
effective diffusivity. We presented a procedure by which the 
leading effect of the fibers on the effective diffusivity could be 
determined in a homogeneous fibrous material with any orienta- 
tion distribution. 

Specific results were calculated for the isotropic case and for 
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Table 1. Leading Behavior of the Effective Diffusivity in an Isotropic Bed for all Values of Peclet Number 

Isotropic Bed (Flow in x-direction) 

Flow Regime D x x  0”” = D z z  

IPI >> 1 1 4 ?r’-JPI + -9-P2 
171 a 

3,200 k“’6 8 mD, 

I b2a2 
k 

+ 4.862-llpl [lnIP1]2 

D;y (given by Fig. 2)  + 

I 1 1 (a - l ) (a  + 5 )  
a +  1 1 +pJ 

9 
- P 3  
6,400 IPI] 

k”’, screening length in an isotropic bed, is given by Eq. A3, more accurately by Eq. A2. 
P = Pk”’ is screening length Peclet number in an isotropic bed. 

a bed of fibers with their axes aligned perpendicular to the bulk 
flow, and these are swnnarized in Tables 1 and 2. In the 
absence of flow (first row in the tables) the fibers have a small 
effect on mass transfer because the diffusivity of the tracer in 
the fibers is different from that in the fluid. 

In the presence of convection there is a hydrodynamic contri- 
bution to the effective diffusivity (second through fourth rows of 
the tables) that results from the stochastic velocity field induced 
by the randomly distributed fibers. This hydrodynamic contri- 
bution is larger than one might have expected, and may actually 
increase with decreasing volume fraction, because each fiber 
enhances mass transfer in a large cylindrical volume with a 
radius comparable to the Brinkman screening length kl/’ - 
O[(@-’  In &’)”’]. This hydrodynamic dispersion is more im- 
portant than the difference in the molecular diffusivities for all 
I PI >> 4. When the Peclet number based on the screening length, 
P, is large the hydrodynamic dispersion occurs primarily in a 
convection-dominated region far from the fiber, even though the 
fiber Peclet number P may still be small. For sufficiently large 
Peclet numbers the hydrodynamic dispersion mechanism is 
independent of molecular diffusion, a phenomenon known as 
mechanical dispersion. 

This purely mechanical analysis breaks down, however, in 
regions of the bed where the solute cannot escape by convection 
alone even at  high flow rates. Such regions include the interior 
of fibers, the boundary layer near the fibers, and regions of 
closed streamlines. The solute can escape these regions only with 

the aid of molecular diffusion, leading to nonmechanical contri- 
butions to the longitudinal dispersion, i.e., contributions that 
depend on molecular diffusion even a t  high Peclet numbers. 
These nonmechanical contributions dominate the behavior of 
the longitudinal diffusivity a t  sufficiently high Peclet numbers 
(row five of the tables). 

The overall effective diffusivity in an isotropic bed is illus- 
trated in Figure 4 for the case @ = 0.02, 1 / m  = 0 (impermeable 
fibers), and @ = 0.02, l /m = 1, D,/D, = 1 (permeable fibers). 
At low Peclet numbers the only effect of the fibers on dispersion 
is a slight 3.3% decrease in the diffusivity in the impermeable 
case. This decrease cannot be detected on the scale used in Fig- 
ure 4. At Peclet numbers of 0.1-10 the hydrodynamic dispersion 
becomes important and the effective diffusivity begins to 
increase. At moderately high Peclet numbers (1 0-1,000) hydro- 
dynamic and boundary-layer dispersion control the longitudinal 
diffusivity, which grows slightly faster than linearly with the 
Peclet number. At very high Peclet numbers (over 1,000) 
holdup dispersion becomes important if the fibers are permeable 
or porous and the longitudinal diffusivity grows as P 2 .  At some 
still higher value of the Peclet number we would expect disper- 
sion due to closed streamlines to affect the longitudinal diffusiv- 
ity in a bed of impermeable particles, making Dll also grow as P z .  
This 0($’P2) closed-streamline contribution is not included in 
Figure 4 because of the uncertainty in its numerical coeficient. 
The transverse diffusivity is unaffected by nonmechanical ef- 
fects and grows linearly with P for all P 2 100. 
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Table 2. Leading Behavior of the Effective Diffusivity in a Bed of Aligned Fibers for all Values of Peclet Number 

lo8 

- I06 
D f 

lo4 

lo2 

loo 

D 

Fibers Aligned in z-direction (Flow in x-direction) 

/ 
- 

- 

- 

- 

I I I I 

P = O  

(PI >> 1 
a’ 

ky’2, screening length for flow perpendicular to the axes of aligned fibers, is given by Eq. ASa, more accurately by Eq. A5b. 
P, = Pk:” is screening length Peclet number in an aligned bed. 

The effective diffusivities derived herein describe dispersion 
only in the longtime limit. We have noted that the hydrody- 
namic dispersion contributions to the effective diffusivity grow 
with decreasing fiber volume fraction, but the characteristic 
time, a/U4’/*,  required to reach this longterm diffusive behavior 

IO‘O 1 
/ 

P 

Figure 4. Ratio of effective diffusivity D to the molecular 
diffusivity 0, plotted as a function of Peclet 
number P for an isotropic bed. -. impermeable; ---, permeable. 

also grows with decreasing 6. The nonmechanical dispersion 
mechanisms discussed above have characteristic times that do 
not scale with 4, but that do scale with the Peclet number. The 
characteristic time for boundary-layer dispersion is the diffusive 
time in the boundary layer, a2Pp-’l’/D, = aP“’/U, while the 
characteristic time for holdup dispersion is a2/Dp = ( a P / U )  
(DJD,). At high Peclet number when these nonmechanical dis- 
persion mechanisms are most important, the time required for 
them to reach their asymptotic diffusive behavior is large. Thus, 
in applying the results obtained here it is important to allow suf- 
ficient time for the asymptotic limits to be achieved. 
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Notation 
a = fiber radius 

B (  , ) = Beta function 

D ( x )  = molecular diffusivity of the tracer at position x, a gen- 
eralized function that takes on the value Dp in the 
fibers and D,in the fluid 

( D / M ) ( x )  = mass conductivity, a generalized function that takes 
on the value Dl in the fluid and D,/m in the solid 

D” = DfI, contribution to D from the molecular diffusivity 
in the fluid 

D“ = pure conduction contribution to D resulting from the 
difference in the molecular diffusivity of the tracer in 
the fibers and in the fluid 

c(x, t )  = concentration of the tracer 

D = effective diffusivity tensor 
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D* = contribution to D from the correlation of the velocity 

D: = holdup dispersion contribution to D* 
DL = boundary-layer contribution to D* 

and concentration disturbances induced by the fibers 

D, = molecular diffusivity of the tracer in the fluid 
Dp = molecular diflusivity of the tracer in the fibers 
D,, = component of D relating the flux in the x-direction to 

the concentration gradient in the x-direction 
e, = unit vector indicating the orientation of a fiber 
f =  drag on a fiber per unit length 
f /  = fraction of the tracer held in the fibers 
f, = component of drag perpendicular to fiber axis 
I = identity tensor 

k - '  = resistivity tensor 
k = scalar permeability for an isotropic bed 

k 1 l 2  = square root of the permeability, known as the Brink- 
man screening length 

k;' = component of the resistivity tensor k-' for flow per- 
pendicular to aligned fibers 

m = ratio of the solubility of the tracer in the fluid to the 
solubility in the fiber 

M ( x )  = activity coefficient of the solute, a generalized func- 
tion that takes on the value 1 in the fluid and m in the 
solid. 

n = unit normal pointing outward (into the fluid) on the 
fiber surface 

P = Ua/Df ,  Peclet number based on fiber radius a, diffu- 
sivity in the fluid Df ,  and average velocity U 

P = CJk'/'/D,, Peclet number based on Brinkman screen- 
ing length &''* 

P(rl, e,) = probability density of fibers a t  position rl with orienta- 
tion e, 

P ( e l )  = probability density of fibers of orientation el 
q = mass flux 
r = point through which a fiber axis passes 

R = radial position relative to fiber axis scaled with the 
Brinkman screening length k1I2,  i.e., R = p k - ' / *  

So = (9/25)(a2/@k),  a scale factor for D* 
S, = ?r(az/$k,), a scale factor for D* 

s = plane normal to fiber axis, Figure 1 
t = time 

t ,  = average residence time for a tracer element in a fiber 
u ( x )  = fluid velocity 

X, Y = Cartesian coordinates for the scale radial position R 
x = position in the bed 

Greek letters 
a = D,/rnDf 
y = fractional change in bulk convective term induced by 

the fibers 
A = mean free path of tracer in holdup dispersion, i.e., dis- 

tance that the tracer in the fluid traverses while a 
tracer element is held in one fiber 

p = fluid viscosity 
9 = Fourier transform variable corresponding to Y 
0 = angular coordinate 
F = Fourier transform variable corresponding to R 
p = two-dimensional variable for the position relative to 

the fiber axis, defined in a plane normal to the fiber 
axis 

$ = volume fraction of fibers (equals areal fraction in dis- 
ordered beds) 

w = angle between flow direction ( 1 ) o  and fiber axis el  

Special Expressions 

( (x , t i r , ,  el))' = ensemble average at x and t conditioned on the pres- 

('(x, t lr l ,  el)) ,  = conditionally averaged disturbance caused by a fiber 

( ( ~ , t ) ) ~  = ensemble average evaluated at  position x and time t 

ence of a fiber of orientation el at position rl 

((x, ~ l r l , e l ) ) ,  - ((x, t ) h  
( 1  )o = unit vector in the direction of the bulk flow ( u ) ,  

a( ) = Delta function 
" = Fourier transform 

Appendix: Hydrodynamic Resistivity of Fibrous 
Media (Spielman and Gorin, 1968) 
Isotropic media 

The drag on a fiber in an isotropic medium may be written 

where 

+ - a 2 k - '  , (Alb)  1 K ,  (ak-' / ' )  1 
K,,(ak-'l2) 2 

K ,  (ak-' l2)  
Ko(ak-'I2) ' 

fn = - 2 ~ p a k - ' / ~  

and Ko(x)  and K , ( x )  are the modified Bessel functions or order 
zero and one. The resistitivy is k - '  = Ik-I ,  where 

andJ1 andfl are given by Eqs. A1 b, c. In the limit of low volume 
fraction 4 or high permeability k ,  this reduces to 

L J  

Note that the errors in the explicit expression A3 are larger than 
those in the implicit expression A2 for the permeability k.  The 
size of the error in Eq. A2, which results from the neglected 
fiber-interaction terms on the righthand side of Eq. 8b is not 
given by Spielman and Goren (1968), but may easily be deter- 
mined through an analysis analogous to that performed by 
Hinch ( 1  977) for fixed beds of spheres. 

Aligned fibers 
The resistivity resulting from flow through an array of fibers 

whose positions are randomly distributed, but whose axes are 
aligned with the z-axis is 

k- '  = k;''2(P? + jj) + k['iP, (A4a) 

where P, j, and P are  unit vectors in the x, y ,  and z directions 
and 

In the limit of low 4 or high kl, k,, Eqs. A4b, c reduce to 

4 
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